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A GENERALIZATION OF MARSTRAND’S THEOREM
JORGE ERICK LO´PEZ, CARLOS GUSTAVO MOREIRA, WALISTON LUIZ SILVA
Abstract. In this paper we prove two general results related to Marstrand’s
projection theorem in a quite general formulation over separable metric spaces
under a suitable transversality hypothesis (the ”projections” are in principle
only measurable) - the result is flexible enough to, in particular, recover most
of the classical Marstrand-like theorems. Our proofs use simpler tools than
many classical works in the subject, where some techniques from harmonic
analysis or special geometrical structures on the spaces are used.
1. Introduction
Let X,Y be separable metric spaces, (Λ,P) a probability space and pi : Λ×X →
Y a measurable function. Informally, one can think of piλ(·) = pi(λ, ·) as a family
of projections parameterized by λ. We assume that for positives α, κ there exist a
positive constant C such that the following transversality property is satisfies:
(1.1) P [λ ∈ Λ : d(piλ(x1), piλ(x2)) ≤ δd(x1, x2)
α] ≤ Cδκ
for all δ > 0 and all x1, x2 ∈ X . In most examples κ = dimY .
We called the measure ν on Y κ-regular if it is upper regular by open sets and
lim inf
r→0
ν(B(y, r))/rκ > 0
for all y ∈ Y . Lebesgue measure in Euclidean spaces are regular strongly, in the
sense that the limit is always bigger than a positive constant. In those cases we say
that ν is strongly κ-regular.
We are able to announce general versions of Marstrand theorem in this context.
Theorem 1.1. Let X be an analytic subset of a complete separable metric space,
then dim piλ(X) ≥ min(κ, dimX/α) for a.e. λ ∈ Λ. In particular, if κ = dimY and
piλ are α-Ho¨lder when dimX < ακ, then dimpiλ(X) = min(κ, dimX/α) for a.e.
λ ∈ Λ.
Theorem 1.2. If dimX > ακ and ν is a κ-regular measure on Y , then ν(piλ(X)) >
0 for a.e. λ ∈ Λ.
A stronger version of the Theorem 1.2 for strongly κ-regular measures is study
in section 3, see Corollary 3.3.
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2. Preliminaries
For X separable metric space, let
Ms(X) = {µ : µ Borel measure on X with 0 < µ(X) <∞ such that there is c > 0
such that µ(B(x, r)) ≤ crs for all x ∈ X, r > 0}.
Ms(X) 6= ∅ ⇒ Hs(X) > 0, indeed, if µ ∈Ms(X) and E1, E2, . . . is any covering
of X , picking xj ∈ Ej , j = 1, 2, . . . we have B(xj , d(Ej)) ⊃ Ej and therefore∑
j
d(Ej)
s ≥
∑
j
1
c
µ(B(xj , d(Ej))) ≥
∑
j
1
c
µ(Ej),
hence Hs(X) ≥ µ(X)/c > 0. The converse is also true for analytic sets in complete
separable metric space, see for instance Theorem 8.17 in [2]. We give a elementary
proof for the same result.
Lemma 2.1. If X is an analytic subset of a complete separable metric space, then
Hs(X) > 0⇒Ms(X) 6= ∅.
Proof. By Corollary 7 in [1], we may assume X compact with 0 < Hs(X) < ∞.
Let M > 10s and δ > 0 such that Hsδ(X) > 10
sHs(X)/M and consider the family
B := {B(x, r) : 10r ≤ δ,Hs(B(x, r)) ≥Mrs} .
By the Vitaly covering theorem we get disjoint balls B(xj , rj) ∈ B, j = 1, 2, . . . such
that ∪B∈BB ⊂ ∪jB(xj , 5rj) =: A, hence
Hsδ(A) ≤ 10
s
∑
j
rsj ≤
10s
M
∑
j
Hs(B(xj , rj)) ≤ 10
sHs(X)/M
and therefore Hs(X\A) ≥ Hsδ(X\A) ≥ H
s
δ(X) − H
s
δ(A) > 0. Obviously, H
s re-
stricted to X\A is in Ms(X) for c = max(M, 10sHs(X)/δs). 
Let µ be a finite Borel measure on X . The s-energy of µ is
Is(µ) =
∫ ∫
dµ(x1)dµ(x2)
d(x1, x2)s
.
Finiteness of energy is closely relate with measure in Ms(X), for instance, if
Is(µ) < ∞, then supr>0 |µ(B(x, r))| /r
s ≤
∫
d(x, x2)
−sdµ(x2) < ∞ for µ-a.e. x ∈
X . IfM large enough such that the Borel setB = {x : supr>0 |µ(B(x, r))| /r
s ≤M}
has positive µ-measure, then ν = µ|B is in Ms(X), in fact if B(x, r) ∩B = ∅ then
ν(B(x, r)) = 0, otherwise, if z ∈ B(x, r) ∩B, then B(x, r) ⊂ B(z, 2r) and therefore
ν(B(x, r)) ≤ ν(B(z, 2r)) ≤ 2sMrs.
On the other hand if µ ∈ Ms(X), then It(µ) <∞ for all 0 ≤ t < s, in fact∫
d(x1, x2)
−tdµ(x2) =
∫ ∞
0
µ[x2 : d(x1, x2)
−t ≥ u]du
=
∫ ∞
0
µ(B(x1, u
−
1
t ))du ≤ µ(X) + c
∫ ∞
1
u−
s
t du <∞.
Then, if X is an analytic subset of a complete separable metric space, we have:
dimX := sup {s : Hs(X) > 0}(2.1)
= sup {s : ∃µ Borel measure with 0 < µ(X) <∞ and Is(µ) <∞} .
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3. Main results
Let X,Y be separable metric spaces, (Λ,P) a probability space and pi : Λ×X →
Y a measurable function satisfying the transversality property in 1.1. Given any
finite Borel measure µ on X let νλ = (piλ)∗µ.
Theorem 3.1. ∫
Λ
It(νλ)dP ≤ Ct,κIαt(µ) for all 0 ≤ t < κ.
Proof. Notice that It(νλ) =
∫ ∫ dµ(x1)dµ(x2)
d(piλ(x1),piλ(x2))t
then, by Fubuni’s theorem we have
∫
Λ
It(νλ)dP =
∫ ∫ [ ∫
Λ
(
d(piλ(x1), piλ(x2))
d(x1, x2)α
)−t
dP
]dµ(x1)dµ(x2)
d(x1, x2)αt
,
and∫
Λ
(
d(piλ(x1), piλ(x2))
d(x1, x2)α
)−t
dP =
∫ ∞
0
P
[
λ ∈ Λ :
(
d(piλ(x1), piλ(x2))
d(x1, x2)α
)−t
≥ u
]
du
=
∫ ∞
0
P
[
λ ∈ Λ :
d(piλ(x1), piλ(x2))
d(x1, x2)α
≤ u−
1
t
]
du
≤ 1 + C
∫ ∞
1
u−
κ
t du <∞.

Proof of Theorem 1.1. It follows from equation (2.1) and Theorem 3.1. Note that
νλ are also Borel measures with νλ(piλ(X)) = µ(X). 
Theorem 3.2. ∫
Λ
∫
lim inf
r→0
νλ(B(y, r))
rκ
dνλ(y)dP ≤ CIακ(µ).
Proof. Using Fatou’s lemma∫
lim inf
r→0
νλ(B(y, r))
rκ
dνλ(y) ≤ lim inf
r→0
1
rκ
∫
νλ(B(y, r))dνλ(y), and
∫
νλ(B(y, r))dνλ(y) = νλ×νλ[(y1, y2) : d(y1, y2) ≤ r] = µ×µ[(x1, x2) : d(piλ(x1), piλ(x2)) ≤ r],
then, by Fubini’s theorem and (1.1)∫
Λ
∫
lim inf
r→0
νλ(B(y, r))
rκ
dνλ(y)dP
≤ lim inf
r→0
∫∫
1
rκ
P [λ ∈ Λ : d(piλ(x1), piλ(x2)) ≤ r]dµ(x1)dµ(x2)
≤ CIακ(µ).

Corollary 3.3. If Iακ(µ) < ∞ and ν is a κ-regular measure on Y , then νλ is
absolutely continuous with respect to ν for a.e λ ∈ Λ. Moreover, if ν is strongly
κ-regular in the sense that lim infr→0 ν(B(y, r))/r
κ ≥ c for all y ∈ Y and some
positive constant c, then χλ :=
dνλ
dν
∈ L2(ν) for a.e. λ ∈ Λ with∫
Λ
∫
χ2λdνdP ≤ 5
κc−1CIακ(µ).
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Proof. By the Theorem 3.2 νλ[y : lim infr→0 νλ(B(y, r))/r
κ =∞] = 0 for a.e λ ∈ Λ.
Fixed a such λ. For any A ⊂ Y let M be large enough such that for
PM =
{
y : lim inf
r→0
νλ(B(y, r))/r
κ < M, lim inf
r→0
ν(B(y, r))/rκ > M−1
}
we have νλ(A) ≤ 2νλ(A ∩ PM ). For ε > 0 let U ⊃ A a open set such that ν(U) ≤
ν(A) + ε. Using the Vitaly covering theorem we get disjoint balls B(xj , rj) ⊂ U
with νλ(B(xj , 5rj)) ≤ M(5rj)κ and ν(B(xj , rj)) ≥ M−1rκj for j = 1, 2, . . . such
that A ∩ PM ⊂ ∪jB(xj , 5rj), then
νλ(A ∩ PM ) ≤
∑
j
νλ(B(xj , 5rj)) ≤ 5
κM2ν
(⋃
j
B(xj , rj)
)
≤ 5κM2ν(U)
hence νλ(A) ≤ 2 · 5κM2(ν(A) + ε). Let ε→ 0, if ν(A) = 0 then νλ(A) = 0.
Second part follows immediately from the assertion that for each λ ∈ Λ, χλ(y) ≤
5κc−1 lim infr→0 νλ(B(y, r))/r
κ for ν-almost all y ∈ Y . Let B ⊂ Y any Borel set.
For 1 < t <∞ and p ∈ Z let Bp =
{
y ∈ B : tp ≤ lim infr→0 νλ(B(y, r))/r
κ < tp+1
}
.
Using a similar argument as before we get νλ(Bp) ≤ 5
κtp+1c−1ν(Bp), then
νλ(B) =
∑
p∈Z
νλ(Bp) ≤
∑
p∈Z
5κtp+1c−1ν(Bp)
≤ t5κc−1
∑
p
∫
Bp
lim inf
r→0
νλ(B(y, r))
rκ
dν ≤ t5κc−1
∫
B
lim inf
r→0
νλ(B(y, r))
rκ
dν.
Letting t→ 1, we get νλ(B) ≤ 5κc−1
∫
B
lim infr→0 νλ(B(y, r))/r
κdν for all Borel set
B ⊂ Y , therefore χλ(y) ≤ 5
κc−1 lim infr→0 νλ(B(y, r))/r
κ for ν-almost all y ∈ Y .

Proof of Theorem 1.2. It follows from Lemma 2.1 and Corollary 3.3, since if νλ ≪ ν
with νλ(piλ(X)) = µ(X) > 0 then ν(piλ(X)) > 0. 
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